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On the Use of UHF Orbitals in Ionization
Energy Calculations
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The UHF Hamiltonian and simple Léwdin-like annihilators are formulated in
the second quantization formalism. The so formulated Hamiltonian was
employed in many-body Rayleigh-Schrodinger perturbation theory to evaluate
the corrections to the UHF orbital energies.

Key words: UHF orbital functions for ionization energies

1. Introduction

Many methods based on the orbital model (Hartree-Fock theory) exist in quantum
chemistry which include the spin correlation effects in systems with open electronic
shells. The most important among them are: the unrestricted Hartree-Fock theory
(UHF) [1], the unrestricted method with projection [2] (or annihilation [3, 4]), and
the extended Hartree-Fock method [5, 6]. The wave function in the unrestricted
Hartree-Fock theory represents one Slater determinant, and the electrons with
different spins occupy different space orbitals. The direct use of unrestricted methods
is disadvantageous as the unrestricted wave function is not an eigenfunction of $2
(it contains the contaminations of higher multiplicity states). The projected (or
annihilated) Hartree-Fock method yields the spin-projected (or annihilated) wave
function from an UHF wave function after energy minimization. However, such a
wave function does not obey the variation condition. In the extended Hartree—
Fock theory the wave function minimalizes the energy after spin projection of a
single Slater determinant.

In contrast to the restricted SCF methods for open shells (Roothaan or method by
Longuet-Higgins and Pople), the orbital energies in the unrestricted SCF method
have, as in closed-shell systems, a simple physical interpretation; i.e. they represent
the ionization energies for removing one electron from a definite level of the studied
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radical neglecting correlation and relaxation effects. In other words the well known
Koopmans theorem [7] can be used in unrestricted SCF methods keeping in mind
the above mentioned difficulties with spin contamination.

In ionization energy calculations (or, accurately speaking, in the calculation of
corrections to the orbital energies) one can employ the current procedures based on
many-body perturbation theory [8-15]. These methods have been frequently used
in calculations of many closed-shell systems.

In the present paper our attention is focused first on the formulation of the UHF
Hamiltonian and simple Lowdin-like annihilators within the second quantization
formalism, and then in the second step, we give the many-body theory of ionization
energies using the unrestricted wave function with annihilation.

The UHF SCF wave function (but unprojected) has also been used by Purvis and
Ohrn [16]. They obtained, solving the Dyson equation with a second-order self
energy and using the Grand Canonical averaging procedure, a theoretical photo-
electron spectrum of the oxygen molecule.

2. Second Quantization Formulation of UHF Hamiltonian
and Spin-Annihilation Operator

Let us define a set of creation X% and annihilation X;, operators on a space of one-
electron wave function for spin o. The UHF ground state wave function can be
then written

by = [] X&X5l0> o)
ie<1,Na)
JeCLINGS
where |0) is the vacuum state vector, N,, and N; are the numbers of «- and B-spin
electrons, respectively.

The total Hamiltonian in the second quantization has the following form

H= Z olh|jo) Xit Xse + % z iajo'| glkelo"> Xit Xj5 Xior Xieo 2
i 1.5kl

where 4 is the one-electron, and g the two-electron operator.

It is easy to show that, after simple algebraic manipulations with creation and
annihilation operators, the normal form of Hamiltonian (2) is

H= <¢olHl¢o> + ZéaiaN[XiZA,ia]

+ 23 oo kol SN 1Xs X X Yo 3
ikt

where &, is the UHF orbital energy for spin o, and N[- - -] means the normal
product defined with respect to |¢o>.
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We see that the Hamiltonian (3) in the UHF method has formally the same normal
form as its counterpart in the Hartree-Fock theory of closed-shell systems [17], in
contrast to the Hamiltonian in the restricted Hartree-Fock theory of open-shell
systems, where an additional one-electron interaction term arises [18].

The UHF wave function consists of components with various multiplicity and it
can be generally written as

o) = Zﬁocwlqssm @

where S’ = (N, — N;)/2 and s = 5" + N, are the indices of components with
lowest and highest multiplicity, respectively.

Amos et al. [3, 4] have shown that the most important components in |¢$,> are
those with » = 0 and r = 1, and that the coefficients with » > 1 are negligibly
small. They proposed to use a simple projector-annihilator, so that

[gsy = As|do> (5)
where
A, =82 —(s+ D(s + 2) 6)

is the annihilator and |¢,> is the component with multiplicity (2s + 1).

We suppose for the sake of simplicity that the spin annihilator 4, is an idempotent
operator. Since this operator commutes with every spin-free operator ¢, the mean
value of an operator is given by

O = <¢0'@As|¢o>/<¢o|1‘1s]¢o>- @)
Introducing the modified spin annihilator .2

oy = Af{bo| As[$o> ®
the norm of the function (5) in which 4, is replaced by %7 is

{gslsy = 1. ®

In the following we focus our attention on the second quantization form of the spin
annihilator (8). One can show, after simple but tedious algebraic operations with an
immediate use of Wick’s theorem, that the normal form of this operator is

1

A =1+ 5 > MFEINXXL X Xyy] + 5 AENIXG K] (10)

where the matrix elements #¢57 and A are defined by the relations
gﬁc’l"' = y«?ypy}[g? Baa Sa'ﬁ'srﬁ Sz'u + y?iayg? SaB Sa’a Sm 81’1}, (lla)

NG = D [Ca38sy — PEICY 8or + CE(3Suy — PE)CH 85]. (11b)
by
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Fig. 1. The diagrammatic interpretation of the perturbation H; and matrix elements #j3>"*"
and Ay

In these expressions the &’s are the Kronecker delta symbols, #§} represents the
overlap integral between spatial parts of spinorbitals |io) and |j>, i.e.

yigjt = <ialj1> (12)
where in a given basis of atomic orbitals {|>} the spinorbital |ic) is
lio) = |iplod = > Calud|od. (13)
“

We will now suppose the orthonormality of the atomic orbitals {|u)}. The entity PZ,
in expression (11b) is the element of the density matrix

P = > CuCh (14)
ie¢ i NG
The mean value of the spin annihilator A, in state |¢,> can be written as
(Ao = {po| Aslboy = 3(Nu — Np)? + 3(No + Ny)
— Tr (P*P?) — (s + D(s + 2). (15)
This equation is valid only for an orthonormal set of orbitals {|u)}.

The annihilator =7, acting on the wave function [¢,) generates the mono- and bi-
excited states. Its diagrammatic interpretation (namely of its one- and two-electronic
parts together with a diagrammatic representation of the perturbation H, =
LS .0.0 Ciojo'| glkala ) N[ X5 Xt Xy X)) is illustrated in Fig. 1.

3. Calculation of Ionization Energies Using the UHF SC Method

As mentioned in the Introduction, some difficulties arise in the application of un-
restricted SCF orbitals. Using these orbitals in the calculations of ionization
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energies in systems with one or more unpaired electrons, it becomes very difficult
to define the spin multiplicity of the individual states.

Despite these complications we will subsequently formulate, using the annihilation
of the first higher multiplicity state, the perturbation corrections to the orbital
energies. We will restrict our considerations to the first-order of perturbation
theory, which gives in closed-shell systems generally no contribution to the
perturbation corrections.

Let us suppose that the ground electronic state of an open-shell electronic system is
described by the wave function (1). The model space £, corresponding to singly
ionized states is then spanned by the following vectors

196G, o)) = Xio|do). (16)
These vectors are the eigenfunctions of the unperturbed Hamiltonian H, =
Zia éaiﬂN[Xi; /Yia]

Ho|$(i, @) = —&,|(i; o). (17

Because of the spin contamination of the state vector |¢,> we will use the spin-
annihilated state vector |¢,>. Then the new model space Q; spanned by the un-
perturbed vectors can be introduced

|¢s(i: o)) = Xvial({’s) (18)

In a similar way as in the preceding case, these vectors are also the eigenvectors of
the unperturbed Hamiltonian

Holg(i, o)) = £, o) |s(i, o)) 19)
For the energy §(i, o) we can write the following expression
6%, 0) = —8i(1 + 4ig + Big) + Ci; + Die. (20)
The individual coefficients in expression (20) are
AL, = (AN Y N (21a)
I
Bl = A3 2 Mg, (21b)
Cisa = <AS>61 z (édpd' - édha’)'/y‘g;t (21C)
I
Disa = <As>0_1 Z (éaplal + édpzcrz - édhl-tl - Cg’hzzz)‘ﬂgig:ﬁlhzz (Zld)
I

where the summations >, > are defined

Se 2 2= 2 2 22)

I h#ing #0 hy#iNT # 0 ho#iNig# o
hell,o’> hi.hoe(1,N:> p1,p2>Noy,Nog

The eigenenergy &9, o) represents the zeroth-order orbital energy with annihila-
tion of the first higher multiplicity state.
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Keeping in mind the mathematical properties of the operator 27, (see part 2) then
the first order perturbation correction to the orbital energies is given by

E1(, 0) = {po(i, 0)[ Hy|$4(i, 0)>. (23)

Using the diagrammatic interpretation of individual components of the annihilator
&, and perturbation H, (Fig. 1), the first-order term (23) can be expressed in Gold-
stone diagrammatic technique by two diagrams (Fig. 2).

The algebraic interpretation of diagrams in Fig. 2 has the following form

ED(i, 0) = ;‘ (oho'| 8lispe> — ighs| 81 PaioD)N . (24)

Analogously, it is possible to present the higher-order perturbation terms; of
course, these diagrams and their algebraic interpretation will have a more
complicated form.

4. Concluding Remarks

In the preceding parts we have shown that it is possible to calculate the orbital
energies of radical systems within the UHF SCF method, in which the first higher
multiplicity state is annihilated. Because of the correlation and relaxation correc-
tions (by perturbation theory), the calculated orbital energies are expected to be
good approximations to the ionization energies. The resulting formulae are
relatively simple and suitable for direct use on the computer.

In conclusion, we would like to point out our belief that the theoretical formalism
developed in this paper could be of use for studying the low-lying ionization
energies of any open-shell molecular or atomic system.
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